Abstract. A closed subspace M of the Hardy space H 2 (D 2 ) over the bidisk is called a submodule if it is invariant under multiplication by coordinate functions z 1 and z 2 . Whether every finitely generated submodule is Hilbert-Schmidt is an unsolved problem. This paper proves that every finitely generated submodule M containing z 1 − ϕ(z 2 ) is Hilbert-Schmidt, where ϕ is any finite Blaschke product. Some other related topics such as fringe operator and Fredholm index are also discussed.
Introduction

Let
If we denote by R z and S z the restriction of M z on M and respectively the compression of M z on M ⊥ = H 2 (D) ⊖ M, then it is not hard to check that R z and S z are Fredholm operators, and their indices are −1 and 0, respectively. However, submodules of H 2 (D 2 ) are complicated ( [14] ) and they bear no similar characterization. The research on H 2 (D 2 ) is ongoing. One approach to this problem is to study some relatively simple submodules, and hope that the study will generate concepts and techniques for the general picture. In analogy with the operators R z and S z on H 2 (D), we are interested in the operator pairs (R z 1 , R z 2 ) and (S z 1 , S z 2 ) on H 2 (D 2 ). It is clear that (R z 1 , R z 2 ) is a pair of commuting isometries, and (S z 1 , S z 2 ) is a pair of commuting contractions. These pairs contain much information about M and they are the subjects of many recent studies.
Suppose M is a submodule of H 2 (D 2 ), i.e. M ∈ Lat(H 2 (D 2 )). Let
many good properties and have been studied extensively in the literature, see e.g. [8, [16] [17] [18] [19] and the references therein. In particular, it was shown in [19] that C 2 is unitarily equivalent to [R
The integer ind λ M is called the index of M at λ. It captures important information of M and was studied in [12] . It is not hard to see that ind λ M is less than or equal to the rank of M, so if there exists a sequence of λ n ∈ D 2 such that ind λn M goes to infinity, then M is not finitely generated. It is conjectured in [16] that every finitely generated submodule is Hilbert-Schmidt. This paper confirms the conjecture for submodules containing function z 1 − ϕ(z 2 ), where ϕ is a finite Blaschke product.
In 2008, the second and the third author studied the submodules M generated by z 1 − ϕ(z 2 ), where ϕ is an inner function ( [10] ), and showed that M = [z 1 − ϕ(z 2 )] is HilbertSchmidt. Moreover, the quotient module H 2 (D 2 )⊖[z 1 −ϕ(z 2 )] can be identified with (H 2 (z 2 )⊖ ϕH 2 (z 2 )) ⊗ L 2 a (D) and S z 1 is unitarily equivalent to I ⊗ M z on (
is the Bergman space. When ϕ(z 2 ) = z 2 , this recovers the well-known fact that
is unitarily equivalent to the Bergman shift. In this paper, we look at submodules M which contain z 1 − ϕ(z 2 ), where ϕ is a finite Blaschke product. We obtain a necessary and sufficient condition for such M to be Hilbert-Schmidt. As an application, submodules which contain z 1 − z 2 are fully characterized. The main result of the paper is the following theorem. Theorem 1.1. Let ϕ be a finite Blaschke product and
. Then M is a Hilbert-Schmidt submodule if and only if M is finitely generated.
In Section 2, we define and study the fringe operator F λ , where λ ∈ D 2 , and show that F λ is Fredholm if and only if the pair (R z 1 − λ 1 , R z 2 − λ 2 ) is Fredholm. This result will be used in the proof of Theorem 3.13 and Proposition 3.20. In Section 3, we prove Theorem 1.1. When submodules contain z 1 − z 2 , we also determine the dimensions of the cohomology vector spaces for the pairs (R z 1 −λ 1 , R z 2 −λ 2 ) and (
Fringe operator
where P λ 1 is the orthogonal projection from M to M ⊖ (z 1 − λ 1 )M. The fringe operator was introduced and studied by the third author in [17] , where the fringe operator F (0,0) was mainly investigated. Let
for f ∈ ran P λ 1 . Then one verifies that ran F λ = ran F λ and ker F λ = ker F λ . Let R ϕ λ i = M ϕ λ i |M and P E stand for the orthogonal projection from H 2 (D 2 ) to the closed subspace E. The following lemma and proposition generalize corresponding facts in [17] .
It then follows that
The proof is complete.
It follows from the above lemma that ker
The following two propositions will be used in the proof of Proposition 3.7. Let P λ 2 be the orthogonal projection from M to M ⊖ (z 2 − λ 2 )M. For convenience, we let p = P M .
where in the last equality we used (
. Therefore the conclusion follows from (2.1) and (2.2).
(ii) Note that
Hence in this case the above proposition implies that for every λ ∈ D 2 , the fringe operator
Similarly, for λ ∈ D 2 we let G λ and G λ be defined by
Then G λ and G λ have the same range and kernel. The following result is thus parallel to Proposition 2.2.
Now we discuss the Koszul complex of the pair R = (R z 1 , R z 2 ). The Koszul complex of R is defined by is finite dimensional for i = 0, 1 and 2 (see [3, 5] ). If R is a Fredholm pair, then the index of R is defined by
The essential Taylor spectrum of R is defined to be
It is easy to see that the map U : ker
is one-to-one and onto. Observe that
We show in the following that ker F λ is isomorphic to ker
Lemma 2.4. Let ker ∂ 1 and ran ∂ 0 be as above, then
Proof. We prove the first equality, the other equality follows from a similar argument. We first show that the set
Using (2.3) we conclude that f ∈ ran P λ 1 . Thus ker ∂ 1 ⊖ ran ∂ 0 ⊆ N , and hence they are the same.
Since ker F λ = ker F λ = {f ∈ ran P λ 1 : M ϕ λ 2 f ∈ ϕ λ 1 M}, the above lemma implies that ker F λ is isomorphic to ker ∂ 1 ⊖ran ∂ 0 , and hence ker F λ is isomorphic to ker
Thus F λ is Fredholm if and only if R − λ is Fredholm, in which case the above equation implies
Next we look at the Koszul complex of S = (S z 1 , S z 2 ), where
The pair S is a Fredholm pair if the vector spaces ker
For earlier work on the index of (S z 1 , S z 2 ) we refer readers to [20, 21] and the references therein. Observe that
Recall that ker F λ is isomorphic to ker
we thus obtain the following lemma.
Hilbert-Schmidtness
In this section, we study the Hilbert-Schmidtness of submodules containing some particular functions and prove our main theorem.
3.1. Submodules containing z 1 − ϕ(z 2 ). In this subsection, we consider the submodules which contain z 1 − ϕ(z 2 ), where ϕ is an inner function. Let ϕ be an inner function and M ϕ = [z 1 − ϕ(z 2 )] be the submodule generated by z 1 − ϕ(z 2 ). The submodule M ϕ was studied by the second and the third author in [10] . Let {λ k (z 2 )} be an orthonormal basis of
It is shown in [10] that {E k,j } is an orthonormal basis of
is finite dimensional, or equivalently, if and only if ϕ is a finite Blaschke product. Now we take a look at a submodule M which contains z 1 − ϕ(z 2 ) (but not necessarily generated by it) and study its Hilbert-Schmidtness under the assumption that ϕ is a finite Blaschke product. Observe that in this case there exists a closed subspace
We extend V to be zero on M ϕ and denote the new operator also by V , then
We will see that S z 1 is unitarily equivalent to S N . Since it is well-known that submodules M with dim M ⊥ < ∞ are HilbertSchmidt, we assume in the sequal that dim M ⊥ = ∞.
where ϕ is a finite Blaschke product. Then for every λ ∈ D the operator S N − λ has closed range.
Proof. It is equivalent to show that ran(S * N − λ) is closed. We only verify the case for λ = 0 since the general case is similar. It is clear that
Since ϕ is a finite Blaschke product, we have dim
is closed, and so S * N N ⊥ is closed. The proof is complete.
Note that ker S * N = K ϕ (z 2 ) ∩ N ⊥ , we conclude from the above lemma that S N is a semiFredholm operator.
where ϕ is a finite Blaschke product. Then for every λ ∈ D, the operator S N − λ is semi-Fredholm with
Proof. In view of Lemma 3.1 we only need to consider the index of S N − λ. To this end we write
It is clear that I A 0 I is invertible. Since the Fredholm index of a product equals the sum of the indices, we obtain Recall that
. Now we determine the essential spectrum for S z 1 .
So S z 1 is unitarily equivalent to S N . The assertions then follow from Lemma 3.2.
We need the following theorem from [17] to study the Hilbert-Schmidtness of a submodule.
Theorem 3.4 ([17]). Let
The following result is immediate. Before we prove Theorem 1.1, we need some lemmas.
, where ϕ is an inner function. Then 
We claim that M⊖(z 1 M+ϕ(z 2 )M) is contained in span{P ϕ (e i f j ), i, j ≥ 1}. Then the conclusion will follow from this claim. Now we prove the claim. Suppose g ∈ M ⊖ (z 1 M + ϕ(z 2 )M) and g is orthogonal to span{P ϕ (e i f j ), i, j ≥ 1}. Then for any polynomial h, there are
Since M is generated by {f j }, we conclude that g = 0. So the claim holds and the proof is complete.
, F λ and F η are left semi-Fredholm operators and indF λ = indF η .
is compact for any λ ∈ D 2 . Hence Propositions 2.2 and 2.3 ensure that F λ and G η are left semi-Fredholm operators. Since
Note that F λ and G λ have the same cokernel, and Lemma 2.4 implies that ker F λ and ker G λ are isomorphic. Therefore the conclusion follows from the above two equations.
, where ϕ is a finite Blaschke product. If M is a Hilbert-Schmidt submodule, then the space 
Without loss of generality, suppose ϕ(0) = 0, i.e. ϕ(z 2 ) = z 2 ψ(z 2 ), where ψ(z 2 ) is a finite Blaschke product. Note that by induction, we only need to prove the case when ψ(z 2 ) is a möbius transform.
By a verification, we see that T is well defined and T is onto. Thus dim((
The proof is complete. Now we can prove Theorem 1.1.
Proof of Theorem 1.1. Suppose M is finitely generated. Since
Hence by Corollary 3.5, the submodule M is Hilbert-Schmidt.
For the necessity, if M is a Hilbert-Schmidt submodule, then Lemma 3.
, where k is the order of ϕ. By Theorem 3.6 in [15] , we have
, where ϕ is a finite Blaschke product and f j ∈ H 2 (D 2 ), j = 1, · · · , n, are arbitrary. Then M is a Hilbert-Schmidt submodule.
3.2.
Submodules containing z 1 − z 2 . In this subsection, we consider the special case ϕ(z 2 ) = z 2 and fully characterize the submodules containing z 1 − z 2 . In this case, since the space
, we can write out the operators V and V * more explicitly. Indeed, [4, 6] ). The following lemma is proved in [12] .
One checks that ker
Since ind (λ,λ) M is less than or equal to the rank of M and dim(N ⊖ (z − λ)N ) = dim(N ⊖ zN ) = indN , we immediately obtain indN ≤ ind (λ,λ) M ≤ indN + 1. Thus if M ∈ Lat(H 2 (D 2 )) contains z 1 − z 2 , then M is finitely generated if and only if N is finitely generated, which is equivalent to the condition that ind (0,0) M < ∞. By Lemmas 3.3 and 3.10, we obtain the following result.
We need the following theorem from [5] to prove Theorem 3.
and for every λ ∈ D 2 \σ e (R) the pair R−λ has Fredholm index 1. In fact, for all λ ∈ D 2 \Z(ϕ)
Now we can prove the following theorem.
Proof. The equivalence of (i) and (iv) in the above theorem generalizes Theorem 2.9 in [9] . 
It is also proved in [9, Lemma 2.6] that ran
We use a similar argument as in [9, Lemma 2.6 ] to prove the closedness of ran ∂ 1 R−λ in the following. Note that this result holds even when ind (0,0) M = ∞.
, we then have
Notice that
It follows from (3.2) and (3.3) that
Similar result holds for the pair S − λ. 
We define W : ker
It is not difficult to verify that W is one-to-one and onto, and W (ker
We define the map
Then T is one-to-one and onto. Thus dim(Λ 1 ⊖ Λ 0 ) = dim I. Now we determine dim I.
It then follows from Lemma 3.18 that dim I = 1 + indN .
(ii) If λ 0 ∈ Z(N ), let Q N be the projection onto N and N 1 = {h ∈ N : h(λ 0 ) = 0}, then Before ending the paper, let us take another look at Theorem 1.1. Let ϕ(z 2 ) = n j=1 z 2 −λ j 1−λ j z 2 be a finite Blaschke product. Since |λ j | < 1 for each j, the product q(z 2 ) = n j=1 (1 − λ j z 2 ) is a polynomial such that |q(z 2 )| ≥ n j=1 (1 − |λ j |) > 0 on D. Hence a submodule M contains z 1 − ϕ(z 2 ) if and only if it contains the polynomial z 1 q(z 2 ) − n j=1 (z 2 − λ j ). The next conjecture is thus a natural weakening of that in [16] .
Conjecture. Let M be a submodule that contains a nontrivial polynomial. Then M is Hilbert-Schmidt if and only if it is finitely generated.
